Mean-field theory describes magnetohydrodynamic processes leading to large-scale magnetic fields in various cosmic objects. In this study magnetoconvection and dynamo processes in a rotating spherical shell are considered. Mean fields are defined by azimuthal averaging. In the framework of mean-field theory, the coefficients which determine the traditional representation of the mean electromotive force, including derivatives of the mean magnetic field up to the first order, are crucial for analyzing and simulating dynamo action. Two methods are developed to extract mean-field coefficients from direct numerical simulations of the mentioned processes. While the first method does not use intrinsic approximations, the second one is based on the second-order correlation approximation. There is satisfying agreement of the results of both methods for sufficiently slow fluid motions. Both methods are applied to simulations of rotating magnetoconvection and a quasi-stationary geodynamo. The mean-field induction effects described by these coefficients, e.g. the α-effect, are highly anisotropic in both examples. An α 2 -mechanism is suggested along with a strong γ-effect operating outside the inner core tangent cylinder. The turbulent diffusivity exceeds the molecular one by at least one order of magnitude in the geodynamo example. With the aim to compare mean-field simulations with corresponding direct numerical simulations, a two-dimensional mean-field model involving all previously determined mean-field coefficients was constructed. Various tests with different sets of mean-field coefficients reveal their action and significance. In the magnetoconvection and geodynamo examples considered here, the match between direct numerical simulations and mean-field simulations is only satisfying if a large number of mean-field coefficients are involved. In the magnetoconvection example, the azimuthally averaged magnetic field resulting from the numerical simulation is in good agreement with its counterpart in the mean-field model. However, this match is not completely satisfactory in the geodynamo case anymore. Here the traditional representation of the mean electromotive force ignoring higher than first-order spatial derivatives of the mean magnetic field is no longer a good approximation.
In both models, magnetoconvection and geodynamo, a rotating spherical shell of electrically conducting fluid is considered in which the fluid velocity V, the magnetic field B and the temperature T are governed by the following equations using the Boussinesq approximation:
∂T ∂t
Here P means a modified pressure, ̺ is the mass density of the fluid and µ its magnetic permeability. Further ν, η and κ are kinematic viscosity, magnetic diffusivity and thermal conductivity, and α T the thermal expansion coefficient, all considered as constants. The motion is measured relative to the uniform rotation of the shell with angular velocity Ω = Ωe z where e z is the unit vector in the direction of the rotation axis. The gravitational acceleration is specified by g = g 0 r/r 0 , with g 0 being its value at the outer boundary r = r 0 . The ratio of inner to outer radius of the shell is r i /r 0 = 0.35 and thus the shell width D = 0.65 r 0 for all simulations considered here. The original form of the buoyancy term is α T g(T − T 0 ) with T 0 describing the temperature distribution of a reference state. Here T 0 is assumed to depend on r only. Then α T gT 0 can be represented as a gradient, which is absorbed in the pressure term in equation (1). For the velocity V no-slip boundary conditions are adopted, V = 0 at r = r i and r = r 0 . Moreover, all surroundings of the spherical shell are assumed as electrically non-conducting, so that the magnetic field B continues as a potential field in both parts exterior to the fluid shell. In the magnetoconvection case a toroidal field is imposed via inhomogeneous boundary conditions. The temperature is assumed to be constant on the boundaries such that T = δT at r = r i and T = 0 at r = r 0 .
Measuring length, time, magnetic field and temperature in units of D, D 2 /ν, (̺µηΩ) 1/2 and δT , the above equations can be written in a non-dimensional form which contains only four non-dimensional parameters (e.g., Christensen et al. 2001) . These are the Ekman number E , the modified Rayleigh number Ra, the Prandtl number Pr , and the magnetic Prandtl number Pm, E = ν/ΩD 2 , Ra = α T g 0 δT D/νΩ Pr = ν/κ , Pm = ν/η .
In order to characterise the results of the simulations, the magnetic Reynolds number Rm and the Elsasser number Λ Rm = vD/η , Λ = B 2 /̺µηΩ (6) with v interpreted as r.m.s. velocity and B as the r.m.s. value of the magnetic field inside the shell are used.
For the numerical solution of the above equations, a code is used which was constructed in its original form by Glatzmaier (1984) . This version of the code solved the anelastic magnetohydrodynamic equations in a spherical shell to simulate stellar dynamos. Olson and Glatzmaier (1995) and Christensen et al. (1999) later applied a modified version of the numerical model to run magnetoconvection and dynamo simulations in a rotating spherical shell adopting the Boussinesq approximation. The code has been validated by benchmarking it with other three-dimensional models (Christensen et al. 2001) .
3 The mean-field concept
The mean electromotive force and mean-field coefficients
Within the scope of this work, the mean-field concept is applied to the induction equation (2) only. In the following, we refer to a spherical coordinate system (r, ϑ, ϕ) whose polar axis coincides with the rotation axis of the shell. Mean vector fields are defined by averaging the components of the original fields over all values of the azimuthal coordinate ϕ, e.g., B = B r (r, ϑ)e r + B ϑ (r, ϑ)e ϑ + B ϕ (r, ϑ)e ϕ in which B r (r, ϑ), B ϑ (r, ϑ), and B ϕ (r, ϑ) are the azimuthal averages of B r (r, ϑ, ϕ), B ϑ (r, ϑ, ϕ) and B ϕ (r, ϑ, ϕ) . Note that with this definition of mean fields the Reynolds averaging rules apply exactly. Of course, all mean fields are axisymmetric about the polar axis.
Subjecting the induction equation (2) to this averaging yields
with the mean electromotive force
in which v and b are the residual velocity and magnetic fields, b = B − B and v = V − V. If v and V are given, the calculation of E requires the knowledge of b, which is governed by
with G = v × b − v × b. According to (8) and (9), E is a functional of v, V, and B, which is linear in B.
We adopt the frequently used assumption that b vanishes if B does so. This excludes the possibility of a dynamo with B = 0, in other context referred to as "small-scale dynamo". Then E is not only linear but also homogeneous in B and can be expressed in the form
with some kernel K κλ .
Here and in what follows indices like κ or λ are used for r, ϑ or ϕ, and the summation convention is adopted. The integration is over the whole fluid shell, V, and all times t ′ < t.
It seems plausible to assume that E at a given point in space and time depends only on quantities in certain surroundings of this point. This implies that K κλ differs only for sufficiently small |r − r ′ |, |ϑ − ϑ ′ | and t − t ′ markedly from zero. We adopt here the assumption that B varies only weakly in space and time so that its behavior in the relevant surroundings of a given point can be well described by B and its first spatial derivatives in this point. This brings us from (10) to
Note that all higher than first-order spatial derivatives and all time derivatives of B are ignored. It remains to be checked to which extent their neglect is justified for the considered examples. The representation (11) contains 27 independent coefficientsã κλ ,b κλr andb κλϑ , which are determined by v and V and, considered as functionals of these quantities, independent of B. We havẽ
and analogous relations forb κλr andb κλϑ with additional factors (r ′ − r) or r(ϑ ′ − ϑ), respectively, in the integrand.
A more general representation of the mean electromotive force
We have introduced the representation (11) of the mean electromotive force E under special conditions. In particular we relied on a spherical coordinate system and restricted ourselves to mean magnetic fields B which are axisymmetric about the polar axis of this system. In general, the mean electromotive force E, if no higher than first-order spatial derivatives and no time derivatives of B are taken into account, is written in the form
with a second-rank tensor a and a third-rank tensor b. This relation is understood as a coordinateindependent connection between the vector E, the vector B and its gradient tensor ∇B. It applies indepen-dently of symmetries of B. In a Cartesian coordinate system (13) takes the form E i = a ij B j + b ijk ∂B j /∂x k . When changing to a curvilinear coordinate system ∂B j /∂x k turns into a covariant derivative. It is useful to rewrite (13) into the equivalent relation
see Rädler (1980 Rädler ( , 2000 or Rädler and Stepanov (2006) . Here α and β are symmetric second-rank tensors, γ and δ vectors, κ is a third-rank tensor symmetric in the indices connecting it with (∇B) (sym) , the latter being the symmetric part of the gradient tensor ∇B. The relationship between the components of a and b and those of α, γ, β, δ and κ is given below. The representation (14) of E allows a discussion of the individual induction effects. The α term describes the α-effect, which is in general anisotropic. The γ term corresponds to a transport of mean magnetic flux like that by a mean motion of the fluid. The β term and also the δ term can be interpreted by introducing an anisotropic mean-field conductivity. The κ term covers various other influences on the mean field, which are more difficult to interpret.
In contrast to the 27 coefficientsã κλ ,b κλr andb κλϑ in (11) we have here in general 36 independent components of a and b, or of α, β, γ, δ and κ. The lower number in the case of (11) is due to the assumed axisymmetry of B. We stress that theã κλ ,b κλr andb κλϑ should not be considered as tensor components, whereas a and b as well as α, β, γ, δ and κ are indeed tensors or vectors with the usual defining transformation properties under changes of the coordinate system.
We may, of course specify the relation (13) to our spherical coordinate system and to axisymmetric B. When doing so in the above sense, that is, taking the covariant forms of the derivatives of B, we arrive at relations for E κ of the form (11) with
We may understand (15) as a system of 27 equations which determine the a κr + b κϕϕ /r, a κϑ + cot ϑ b κϕϕ /r, a κϕ − (b κrϕ + cot ϑb κϑϕ )/r, b κλr and b κλϑ if theã κλ ,b κλr andb κλϑ are known. Clearly we have the freedom of arbitrarily choosing the b κλϕ . Of course, this choice also influences the a κλ . It is, however, without any influence on E. For what follows we put simply b κλϕ = 0. Then we have a κr =ã κr −b κϑϑ /r , a κϑ =ã κϑ +b κrϑ /r , a κϕ =ã κϕ
Using this we may also express the components of the α, β, γ, δ and κ in the spherical coordinate system by theã κλ ,b κλr andb κλϑ . The relations of the components of α, γ, β, δ and κ to that of a and b are given by
Combining this with (16) we find
Determination of mean-field coefficients
For the determination of the mean-field coefficientsã κλ ,b κλr andb κλϑ from the results of the direct numerical simulations, two different approaches have been used, which are explained in the following.
A numerical approach (approach I)
We start from equation (9) for b but interpret B as a steady "test field" B T . More precisely, we require that b satisfies
inside the conducting shell and continues as a potential field in both parts of its surroundings. The initial conditions loose their importance after some transient period. Calculating E numerically according to (8) and (19) for a given B T and inserting the result in (11) provides us with three equations for the wanted 27 coefficients. We therefore carry out such calculations with the same V and v but nine different test fields B
T to obtain nine mean electromotive forces E (i) , i = 1, 2, . . . , 9. As far as the conditions for the validity of (11) are fulfilled we have then
Theã κλ ,b κλr andb κλϑ depend on V and v but not on B T , that is, they do not depend on i. In what follows V and v will be extracted from the numerical simulations with the models defined in section 2, that is, by the equations (1)-(4). Technically, parallel to the numerical solution of a problem as defined there, also the nine solutions b of (19) have been calculated.
There are some constraints on the choice of the test fields B
T . Of course, they have to be axisymmetric. They also have to be linearly independent. Otherwise there are no unique solutions of the equations (20). We further have to require that all higher than first-order spatial and all time derivatives of the test fields are equal to zero, or at least sufficiently close to zero, since otherwise (20) is no longer justified. Fortunately, however, unlike B, the test fields B (i) T need neither to be solenoidal nor to satisfy any boundary conditions. This follows from the fact that relation (10) can be derived using nothing else than the definition E = v × b and an equation for b that formally agrees with (9), in which B, however, is understood as any axisymmetric 
T used in our calculations is given in table 1. Note that not all of these vector fields are regular at the polar axis. Consequently, ∇ × (v × B T ) could become singular if the axis were included in the grid and v were different from zero there. We also experimented with other test fields and verified that the mean-field coefficients are independent of their particular choice as long as the above constraints are obeyed.
As explained above, in the determination of the mean electromotive force E often SOCA is used. It is defined by cancelling the term with G in (19). Our procedure for the calculation of theã κλ ,b κλr andb κλϑ also works on this level.
A semi-analytical approach using SOCA (approach II)
We start again from equation (9) but introduce some simplifications so that the remaining equation for b allows an analytical solution. In that sense we restrict ourselves to the case V = 0. Furthermore we accept the second-order correlation approximation and cancel the term with G. Finally we consider only the steady case, that is, assume v, b and also B to be independent of time. With these assumptions equation (9) turns into
In the solutions of the problems defined in section 2 the velocity v is represented in the form
with scalars φ and ψ given by
The φ m l and ψ m l are complex functions of r satisfying φ m *
, with P m l being associated Legendre polynomials. In the following the φ m l and ψ m l are considered as given. In appendix A the solution of equation (21) 
and the components of B. On this basis E has been calculated. It occurs at first in a form analogous to (10), more precisely
The kernel K κλ is determined by the φ m l (r), ψ m l (r) and the P m l (cos ϑ). As an example, K rr is explicitly given in appendix A.
Knowing the kernel K κλ we may calculate theã κλ according tõ Figure 1 . The radial velocity in the magnetoconvection case with 6-fold azimuthal symmetry at r = 0.59 r 0 , normalized with its maximum given by Vr = 16.98 η/D. In the grey scale coding, white and black correspond to −1 and +1, that is, downflows and upflows, respectively, and the contour lines to ±0.1, ±0.3, ±0.5, ±0.7, ±0.9.
This relation turns into those forb κλr orb κλϑ if the factors (r ′ −r) or r(ϑ ′ −ϑ), respectively, are additionally inserted into the integrand. Note that B does not enter the expression for K κλ and that the mean-field coefficients are thus independent of the mean field. In fact only theã κλ have been calculated so far. It was found, e.g.,
wheref l (r, r ′ ) andg l (r, r ′ ) are Green's functions, and R m l ′ l (ϑ) and Q m l ′ l (ϑ) specific combinations of associated Legendre polynomials P m l (cos ϑ), all explained in appendix A. The otherã κλ are also given there.
5 Mean-field coefficients for rotating magnetoconvection and a geodynamo model
Rotating magnetoconvection
The first example considered is adopted from Olson et al. (1999) with the governing parameters E = 3 × 10 −4 , Ra = 94(= 1.5Ra c , where Ra c means the critical value of Ra) and Pr = Pm = 1. Moreover, an axisymmetric toroidal magnetic field is imposed via an inhomogeneous boundary condition of the form Figure 1 shows the radial velocity field at r = 0.59 r 0 for an Elsasser number of the imposed field Λ 0 = 1, where Λ 0 is defined according to (6) but with B replaced by B 0 . A typical columnar convection pattern is revealed. Apart from a steady azimuthal drift of the convection columns the flow and also the magnetic field are steady. In addition, the azimuthal drift and so the remaining time dependence can be removed by a transformation to a corotating frame of reference. The electromotive force E is identical in both the original and the corotating frame (e.g., Rädler and Stepanov 2006) . The magnetic Reynolds number Rm is about 12, that is too low for the onset of self-sustaining dynamo action. Nevertheless, fundamental effects of the convection, which are of high interest for a dynamo, can be analysed in terms of mean fields, for example the generation of a poloidal from a toroidal field. The ratio of magnetic to kinetic energy density is about 10, and the resulting field strength is described by Λ ≈ 0.6. Figure 2 shows the six independent components of the tensor α and the three components of the vector γ in a meridional plane derived by approach I. All mean-field coefficients are essentially determined by the columnar convection outside the inner core tangent cylinder. As a consequence of the symmetry properties of the velocity field and the induction equation, all mean-field coefficients are either symmetric or antisymmetric with respect to the equatorial plane. The diagonal components of α, for instance, are antisymmetric, in its major contributions negative in the northern and positive in the southern hemisphere. Among the α-components, α ϕϕ dominates, indicating that the generation of a poloidal field from a toroidal one is more effective than the reversed process. However, due to the other non-vanishing components, especially α rr , α rϑ and α ϑϑ , generation of toroidal field by an α-effect also takes place.
The mean-field diffusivity tensor D is given by
Its components are shown in figure 3. Although the molecular magnetic diffusivity is rather high (Pm = 1) and the vigour of the convection is rather low (Ra = 1.5Ra c ), the turbulent diffusion is of the same order as the molecular one in the convection region. The diffusivity tensor D has the interesting property of being positive definite everywhere. This can be concluded from the fact that all its diagonal elements as well as all sub-determinants are positive. As explained in appendix B, this property implies that the induction effects expressed by D do not contribute to a growth of the total magnetic energy stored in the mean magnetic field but favour its dissipation. Because the fact that β κλ has been defined with some arbitrariness, this statement has, however, to be considered with some caution (see also appendix B). The δ-vector and the κ-tensor (which are not displayed here) have been derived as well, and they are used in the magnetoconvection and dynamo calculations of section 6.
Quenching of mean-field coefficients
We point out that the velocity v needed for the determination of the mean-field coefficientsã κλ ,b κλr and b κλϑ were taken from simulations with non-zero mean magnetic field B. Therefore, the resulting coefficients are already subject to a magnetic quenching corresponding to this magnetic field. In this respect, results obtained with various B, measured by the Elsasser number Λ, are of interest. Figure 4 (left) shows (α ϕϕ ) rms , the r.m.s. value of α ϕϕ , as a function of Λ. The increase of this quantity in the presence of a weak magnetic field, that is for small Λ, is due to an increasing vigor of convection by the relaxation of the geostrophic constraint (Fearn 1998) . A strong magnetic field however inhibits convection and reduces (α ϕϕ ) rms . The kinetic energy of the convection varies with Λ similar to (α ϕϕ ) rms . The other α components are also quenched. The quenching is however not the same for different components, leading to varying amplitude relations among these components for varying strength of the mean magnetic field (figure 4 middle). In addition to the α-quenching, e.g., also a β-quenching takes place (figure 4 right).
A quasi-steady geodynamo
As a further example a quasi-steady geodynamo model is examined, which has been used before as a numerical dynamo benchmark (Christensen et al. 2001) . The governing parameters have been chosen to be E = 10 −3 , Ra = 100 (= 1.79Ra c ), Pr = 1 and Pm = 5. The columnar convection pattern is similar to that in the magnetoconvection example (figure 1), but with a natural 4-fold azimuthal symmetry. The intensity of the fluid motion is characterised by Rm ≈ 40, and the magnetic energy density exceeds the kinetic one by a factor of 20. Again, except for an azimuthal drift of the convection columns, the velocity field is stationary. The components of the α-tensor and the γ-vector are shown in figure 5 . Among the α-components, α ϕϕ again dominates, indicating a very efficient generation of poloidal from toroidal magnetic field. The components α rr , α rϑ and α ϑϑ are somewhat lower in amplitude. Since the influence of the differential rotation on the generation of toroidal field is negligible, this example can be classified as an α 2 -dynamo. The imbalance in the amplitudes of the α-components is reflected in the larger strength of the mean poloidal field compared to the mean toroidal field. As before in the example of magnetoconvection, the γ-effect acts to expel flux from the central dynamo region where the convection takes place. The corresponding diffusivity tensor D is displayed in figure 6 . The turbulent diffusivity β exceeds the molecular one, η, by more than a factor of 10 in the convection region outside the inner core tangent cylinder, leading to a very efficient diffusion of the mean magnetic field.
There is a weak negative contribution to D ϕϕ at the inner boundary close to the equator, which is negligible in the mean-field model of section 6.3. The diffusivity tensor D thus slightly deviates from being positive definite. We argue in appendix B that another than our particular choice b κλϕ = 0 will lead to another D without changing E and thus the physical situation. Furthermore, a parametrisation of E considering higher than first-order derivatives of B will also lead to changes of the low-order mean-field coefficients. In section 6.4 we will see the need of a better parametrisation of E in the geodynamo case.
As for the δ-effect we recall that the combination of this effect with a mean rotational shear may constitute a dynamo (Rädler 1969 , 1970 , 1986 , Roberts 1972 , Rädler et al. 2003 . A dynamo mechanism of that kind, however, can not play a dominant role here, since neither V nor γ imply a sufficiently strong shear. As we will see in section 6.5 below, however, the δ terms, which are displayed in figure 7 , may diminish the decay of a mean magnetic field. 
Limitation of SOCA
The mean-field coefficients determined by approach I and approach II (SOCA) show for all Rm an almost perfect congruence of their profiles. However, mean-field coefficients determined by means of SOCA exhibit typically overestimated amplitudes for Rm 10.
In figure 8 , (α ϕϕ ) rms is plotted versus Rm. In all calculations from which the mean-field coefficients were derived, v was the same, and the variation of Rm is only due to a variation of η or Pm which, for the calculation of b in equations (19) or (21), can be chosen differently from their values in the original model simulations. For small Rm the results of approaches I and II coincide and vary linearly with Rm. For Rm 10, the slope of (α ϕϕ ) rms determined by approach I flattens. In particular, α ϕϕ derived by approach I, that is, without restriction to SOCA, leads to amplitudes which are, e.g., for Rm = 40 about 30% smaller than those gained by approach II, that is, with SOCA calculations. The consequences for the dynamo action in a mean-field model are studied in the following section.
Let us add some explanation for the linear dependence of (α ϕϕ ) rms on Rm observed in both approaches for small Rm, and in approach II for all Rm. In SOCA, when assuming a steady velocity v, an α-component like α ϕϕ , say simply α, is given by α = f v 2 D/η, where f is a purely numerical factor. We may write this also in the forms α = (f η/D)Rm 2 or α = f vRm. If η and D are fixed, α appears to be proportional to Rm 2 , which may then vary with v. If, however, v is fixed, α proves to be proportional to Rm, which may vary with η. This corresponds to the results presented in figure 8 . The deviation of the results for (α ϕϕ ) rms obtained in approach I from the linearity in Rm indicates that we are no longer in the range of applicability of SOCA or that the time variation of v is no longer sufficiently weak.
The usually given sufficient condition for the applicability of SOCA in the limit of steady motions reads Rm ≪ 1, where Rm is defined with a typical length of the fluid flow. Even if this length is slightly overestimated by D used in our definition of Rm, our finding of the applicability of SOCA for Rm 10 is very remarkable.
6 Comparison between numerical simulations and mean-field models
Mean-field model
In order to compare direct numerical simulations and mean-field theory, an axisymmetric mean-field dynamo model involving all 27 mean-field coefficientsã κλ ,b κλr , andb κλϑ has been constructed. The model also enables isolating certain dynamo processes.
Decomposing the axisymmetric mean magnetic field B in its poloidal and toroidal parts,
with
where e ϕ is the unit vector in azimuthal direction, we may write the induction equation (7) as
where ∆ ′ = ∆ − 1/(r sin ϑ) 2 . Here, the notations E pol = (E r , E ϑ , 0) and V pol = (V r , V ϑ , 0) have been used. E in its dependence on B has to be taken from (11). The above equations are then solved in a spherical shell with electrically insulating inner and outer surroundings. Thus, the mean magnetic field is assumed to continue as a potential field in both parts exterior to the fluid shell.
The two coupled equations (31)- (32) are solved by a finite difference method on an equidistant grid in radial and latitudinal direction. An alternating direction implicit scheme for parabolic equations with mixed derivatives according to McKee et al. (1996) has been used to discretise the equations. This enables an efficient implicit treatment of advection and diffusion terms, whereas mixed and higher order derivatives are treated explicitly.
Magnetoconvection
How well do the results given by mean-field models match with the corresponding azimuthally averaged fields determined by direct numerical simulations? Let us first consider the rotating magnetoconvection model discussed in section 5.1. Figure 9 presents a comparison between direct numerical simulations and mean-field calculations. In the first row, the azimuthally averaged magnetic field components resulting from the direct numerical simulation are shown. They correspond in great detail to the results of our mean-field model (second row), in which all 27 mean-field coefficients have been used. The poloidal field is dipolar with inverse flux spots near the equatorial plane, and the applied azimuthal field is expelled from the region occupied by the convection columns.
A mean-field simulation relying on mean-field coefficients derived in SOCA (third row in figure 9 ) fits equally well. This reflects that mean-field coefficients given by SOCA, even overestimated by a few per cent in their amplitudes though, still lead to a reliable parametrisation of the mean electromotive force in this parameter regime. Moreover, amplitude deviations simultaneous in α and β might not strongly influence the efficiency of the generation of poloidal from toroidal magnetic field and vice versa, as suggested by a simple scaling analysis: The efficiency of these processes can be expressed by the dimensionless number P = α 2 0 D 2 /β 2 0 . Here, α 0 and β 0 mean typical values for the α-effect and the turbulent diffusivity, respectively, and D stands for a typical length scale. Since α and β are likewise overestimated in their amplitudes, this factor cancels out and has no influence on P . As a consequence, the resulting field resembles the mean field displayed in the second row, even though the applied mean-field coefficients have larger amplitudes.
The mean field components shown in the last row of figure 9 have been determined applying the isotropic approximation α λκ = α I δ λκ , β λκ = β I δ λκ . Concerning the coefficients α I and β I we rely on SOCA results for isotropic turbulence in the limit of steady motion (see, e.g., Krause and Rädler (1980) or Rädler (2000) ) Figure 9 . Comparison between numerical simulations and mean-field calculations in the example of magnetoconvection: azimuthally averaged magnetic field components resulting from a direct numerical simulation (first row), results given by the mean-field model based on all 27 coefficients derived by approach I (second row), mean-field calculation with coefficients derived applying SOCA (approach I with G = 0, third row), and mean-field calculation with coefficients for isotropic turbulence (last row). Maxima and minima of the field components are given in units of (̺µηΩ) 1/2 . Grey scales as in figure 2.
and put
where a is the vector potential of v specified by ∇ · a = 0. With this choice of the mean-field coefficients the profile of the toroidal field clearly deviates from that in the cases considered before. It is less diffused at midlatitudes and mid radii where convection takes place. This difference can be attributed to the absence of the γ-effect. Already in this simple example the isotropic approximation fails to reproduce the Figure 10 . Comparison between numerical simulations and mean-field calculations in the example of the geodynamo: azimuthally averaged magnetic field components resulting from a direct numerical simulation (first row), results as given by mean-field modelling with coefficients derived by approach I (second row), mean-field calculation with coefficients in SOCA (approach I with G = 0, third row), and with coefficients for isotropic turbulence (last row). Different from the solution of the direct numerical calculation which is stationary, all mean-field solutions decay exponentially with decay rates λ = 3.5 η/D 2 (second row), λ = 6.5 η/D 2 (third row), and λ ≈ 75 η/D 2 (last row).
axisymmetric field in satisfactory agreement with corresponding numerical simulations. This indicates that in general more mean-field coefficients must be taken into account in order to grasp all relevant dynamo effects. In addition there are deviations of about 50% in the amplitudes of the poloidal field.
Geodynamo
Consider now again the geodynamo model of section 5.3. In figure 10 the azimuthally averaged field components resulting from the numerical simulation are shown in comparison with results given by mean-M. Schrinner, D. Schmitt, M. Rheinhardt and U. R. Christensen Figure 11 . Comparison between electromotive forces in the magnetoconvection example. First row:
Maxima and minima are given in units of (η/D) (̺µηΩ) 1/2 . field modelling. Figure 10 is organised in the same way as figure 9 before. That is, azimuthally averaged field components resulting from a direct numerical simulation have been plotted in the first row, the second row shows results obtained by corresponding mean-field calculations, the third row contributes results obtained by mean-field modelling with the coefficients determined in SOCA, while for the results presented in the last row, the isotropic approximation (33) has been applied. Note that only the direct numerical simulation results in a steady dynamo. All mean-field models shown in comparison are subcritical and the magnetic fields decay according to B = B 0 exp(−λt), where B 0 denotes the field configuration reached after an initial transition phase, and the decay rate λ is positive in these examples. Therefore, decay rates rather than amplitudes are compared.
As in the previous example, both mean-field models relying on all 27 mean-field coefficients (second and third row in figure 10 ) correspond best to the direct numerical simulation and succeed in reproducing all essential features of the field given in the first row. However, both mean-field models are slightly subcritical with λ = 3.5 η/D 2 and λ = 6.5 η/D 2 , respectively, which comes along with topological differences in B ϕ . The flux bundles at low latitudes near the outer boundary are more strongly diffused in the mean-field models. The high diffusion in this region is due to the strong γ-effect, which leads to an advection of oppositely oriented mean toroidal fields towards the equator, resulting in large gradients.
Although SOCA is, strictly speaking, not justified anymore, the resulting mean field components in the third row are remarkably similar to those obtained by mean-field modelling without applying SOCA (second row). For an explanation we refer again to the scaling argument given above in the context of the magnetoconvection example.
Again, mean-field coefficients in the isotropic approximation do not lead to reliable results anymore, as can be seen from the last row in figure 10 . There are not only differences in the field distribution, but also the decay rate, λ ≈ 75 η/D 2 , is drastically high.
Limits of the representation of the mean electromotive force
The difficulties of mean-field models in accurately reproducing mean magnetic fields compared to direct numerical simulations, which arise in the example of the geodynamo model, are due to an inadequate parametrisation of E. Let us compare E DNS , that is E as immediately extracted from the direct numerical simulation, with E MF1 defined by E MF1 κ =ã κλ B λ +b κλr ∂B λ /∂r + 1/rb κλϑ ∂B λ /∂ϑ. For the computation of E MF1 , both B and its gradient have also been taken from the direct numerical simulation. We further define the quantity
where < · · · > means spatial averaging. Consider first the magnetoconvection example. Figure 11 shows that E DNS and E MF1 are in reasonable agreement. We find δE ≈ 0.28. Therefore, a parametrisation of E considering no higher than first-order derivatives of B is adequate in this example.
In contrast, this is no longer true for the geodynamo model. In this case δE > 4 has been found, indicating that a parametrisation according to (11) no longer describes the actual E reasonably well. The assumption of a sufficiently weak spatial variation of B, which is needed to truncate the series expansion of E in (11), breaks down. In fact, higher order derivatives of B become large and spoil the representation (11) of E in a rather uncontrolled manner.
This finding is consistent with the following observations. The power spectrum of the radially averaged mean magnetic field in the example of the geodynamo model exhibits a peak at l = 4 containing 15% of the total power. In contrast, the corresponding spectrum in the magnetoconvection example does not possess noticeable contributions for l > 2, suggesting that the mean-field is indeed smoother in this example. Furthermore, the magnetoconvection simulation has been repeated with more complicated imposed toroidal fields in order to trigger steeper gradients in the mean field. In this way, it is indeed possible to destroy the close match between E DNS and E MF1 as seen in figure 11.
Significance of mean-field coefficients
In order to investigate the significance of the various mean-field coefficients we carried out a number of test calculations with different sets of mean-field coefficients for the geodynamo case. As already presented in section 6.3, the inclusion of allã κλ andb κλν leads to the decay rate of λ = 3.5 η/D 2 . In one series of calculations we only used theã κλ and disregarded theb κλν , increased however the molecular diffusivity to Pm = 1. With allã κλ the decay rate of the dominant dipolar mode is λ = 2.1 η/D 2 . Using only the diagonalã κκ results in λ = −4.8 η/D 2 . Besides the diagonal terms,ã rϕ andã ϑϕ are most important. They provide a strong γ-effect, which as already stated above, acts to expel flux from the central dynamo region and results in a decay with λ = 4.9 η/D 2 . As seen in section 6.3 by comparing with the numerical simulations, the γ-effect is crucial for the geodynamo. Furthermore it leads to a preference of dipolar modes compared to quadrupolar modes, that is, modes being antisymmetric or symmetric, respectively, about the equatorial plane.
With allã κλ coefficients included, we next studied the influence of theb κλν coefficients, now again for a molecular diffusivity described by Pm = 5. With the diagonal terms only, diffusion is significantly enhanced and the resulting dynamo solution is markedly subcritical with λ = 15 η/D 2 . However, not all components ofb κλν are conducive to the turbulent diffusion. If in addition all coefficients which contribute to the δ-effect are considered the decay rate decreases to λ = 3.0 η/D 2 and the solution gets close to the case where all coefficients are included. This might be due to a constructive action of the combination of δ-effect and some kind of mean shear occurring with V or γ, which, if stronger, could lead to a dynamo even in the absence of the α-effect. As explained in appendix B, the δ-effect has no direct influence on the energy stored in the mean magnetic field.
Altogether, the test calculations suggest a large set of mean-field coefficients to be considered in order to achieve reasonable agreement between mean-field models and numerical simulations. These are the α and γ terms as well as the β and δ terms. The κ terms, on the other hand, seem not to be of importance.
Conclusions
The knowledge of the mean-field coefficients is decisive in order to analyse and to model dynamo action in many astrophysical bodies. In this paper, two approaches to determine mean-field coefficients have been developed. While the numerical approach does not use intrinsic approximations, the analytical approach is based on the second-order correlation approximation.
The mean-field view is applied to two examples: a simulation of rotating magnetoconvection and of a quasi-stationary geodynamo. In both examples similar processes take place: the mutual generation of poloidal and toroidal magnetic fields by an α-effect, flux expulsion from the dynamo region due to a γ-effect, and a strong turbulent diffusion, which might be moderated by a δ-effect.
The calculation of mean-field coefficients provides insight into the reliability of frequently applied approximations in the framework of mean-field theory. Most dubious among them is the reduction of the α-tensor to an isotropic tensor, which leaves dominating non-diagonal components unconsidered. A further, important simplification is the second-order correlation approximation. It typically leads to overestimated amplitudes of mean-field coefficients, whereas their profiles are rather unaffected.
The mean-field picture of geodynamo models is completed by the simulation of axisymmetric fields by means of a mean-field model, involving all mean-field coefficients determined. Test calculations with different sets of mean-field coefficients confirm their relation to the above mentioned dynamo processes. In addition, a comparison with azimuthally averaged fields resulting from direct numerical simulations reveals their significance. In the magnetoconvection and the geodynamo example considered here, the match between direct numerical simulations and mean-field simulations is good only if a large number of mean-field coefficients are involved which contribute to α, γ, β and δ. The application of corresponding mean-field coefficients derived in the second-order correlation approximation leads to similar results.
The reliability of mean-field models relies on a proper parametrisation of E in terms of the mean magnetic field. In the magnetoconvection example the traditional representation of the mean electromotive force considering no higher than first order derivatives of the mean magnetic field is valid. However, already in the geodynamo example it seems no longer to be justified and the assumption of scale separation is not fulfilled. This limits the applicability of some approximations commonly used within the mean-field theory. Nonetheless, even in the geodynamo example the spatial structure of the axisymmetric fields obtained by mean-field modelling corresponds roughly with that of the azimuthal averages extracted from the corresponding direct numerical simulation.
Appendix A: Approach II -derivations and further results
We first determine b so that it satisfies equation (21) inside the fluid shell and continues as a potential field in its inner and outer surroundings. We represent b in the same form as v in (22) by writing
and expanding the scalars σ and τ according to , but σ 0 l = τ 0 l = 0, and Y m l (ϑ, ϕ) stands for spherical harmonics as explained above. We note that (A1) implies
where
Of course, if b in (A1) is replaced, e.g., by ∇ 2 b, (A3) applies with the same replacement. We further note that the Y m l satisfy the eigenvalue equation
and the orthogonality relation
where dΩ means sin ϑ dϑ dϕ and the integration is over all ϑ and ϕ of the full solid angle. Here Ferrer's normalization of the associated Legendre polynomials P m l has been adopted. Using these relations equation (21) can be reduced to
applying in the shell r i < r < r 0 , and 
The solutions of (A7) satisfying (A9) can be written in the form
with Green's functions f l and g l defined by
The integration is over the whole fluid shell. When proceeding analogously with the relation for G m l in (A8), the result for G m l contains derivatives of B r , B ϑ , and B ϕ with respect to r and ϑ. We may remove them by means of integration by parts. In this way we find
We may now insert the results (A14) and (A15) for σ m l and τ m l into (A16). Then the E κ take indeed the form (24). Unfortunately the K κλ are rather complex expressions. As an example we mention Schrinner, K.-H. Rädler, D. Schmitt, M. Rheinhardt and U. R. Christensen 
Using now (25) and the orthogonality relations
we findã rr as given by (26).
In the same way all otherã κλ can be calculated. Unfortunately in the cases ofã κϑ andã κϕ the integration over ϑ can not be carried out with taking benefit of orthogonality relations like (A19), and the need of numerical integrations remains. The results read 
